Plane integral drawings of planar graphs  by Kemnitz, Arnfried & Harborth, Heiko
Discrete Mathematics 236 (2001) 191–195
www.elsevier.com/locate/disc
Plane integral drawings of planar graphs
Arnfried Kemnitz ∗, Heiko Harborth
Diskrete Mathematik, Technische Universitat Braunschweig, Pockelstrasse 14,
D-38106 Braunschweig, Germany
Received 10 November 1997; revised 16 October 1998; accepted 5 March 2000
Abstract
A plane integral drawing of a planar graph G is a realization of G in the plane such that the
vertices of G are mapped into distinct points and the edges of G are mapped into straight-line
segments of integer length which connect the corresponding vertices such that two edges have
no inner point in common. We conjecture that plane integral drawings exist for all planar graphs,
and we give parts of a proof of this conjecture. c© 2001 Elsevier Science B.V. All rights reserved.
1. Introduction
A plane integral drawing of a planar graph G is a realization of G in the plane such
that the vertices of G are mapped into distinct points, also called vertices, and the
edges of G are mapped into straight line segments of integer length, also called edges,
which connect the corresponding vertices such that two edges have no inner point in
common.
The existence of a plane drawing with straight line segments for all edges is known
for every planar graph ([12,3], see also [13,14,9–11,2,6]). It was asked in [5] for
corresponding drawings with the additional property that all edges are of integral length.
This gives rise to the following conjecture.
Conjecture. There exists a plane integral drawing for every planar graph.
Here we present ideas of a possible proof of this conjecture.
2. Structure of a possible proof
It is su>cient to prove the conjecture for all maximal planar graphs, that is, for
triangulations of the plane.
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Since plane integral drawings for the triangle exist obviously, we consider triangu-
lations Tn with n vertices, n¿ 4, for an inductive proof. Any such Tn contains at least
four vertices of degree at most Eve. This follows from
3p3 + 2p4 + p5 = 12 + p7 + 2p8 + 3p9 + · · · ;
where pi denotes the number of vertices of degree i. This equality is known as con-
sequence of Euler’s polyhedron formula.
At least one vertex v of the at least four vertices with degree at most Eve is in the
interior of Tn. Deletion of this vertex v leaves a planar graph Tn−v with n−1 vertices,
for which the existence of a plane integral drawing can be assumed by induction
hypothesis since Tn−v is a subgraph of a triangulation Tn−1. In this drawing all vertices
adjacent to v in Tn are the vertices of a polygon, which is a triangle, quadrangle,
or pentagon, with sides of integral length. If we succeed in Ending a point inside
this polygon such that the connections by straight line segments to all vertices of the
polygon are inside and of rational length, then by multiplication with the least common
denominator of the rational distances we obtain a plane integral drawing of Tn, and
the induction is complete.
In the following, we will construct suitable points for triangles and some quadrangles.
3. Vertex of degree three
It is proved in [1] that the set of points with rational distances to the vertices of a
given triangle with sides of rational length is everywhere dense. Thus, a point inside
that triangle of Tn−v which is determined by deletion of the vertex v of degree 3 from
Tn can be found as desired. One possibility to determine explicitly the three rational
distances from an inner point of a triangle with rational sides to its vertices is given
in [7].
4. Vertex of degree four
In the quadrangle Q of Tn − v, convex or concave, one diagonal D exists inside Q
such that the connecting straight line segments of any point of D to all vertices of Q
are inside Q. If we add this diagonal D to Tn − v we obtain a triangulation Tn−1, and
the induction hypothesis guarantees a plane integral drawing of this Tn−1 and therefore
of quadrangle Q with the additional diagonal D. On D we will determine a desired
point V inside Q with rational distances to the vertices of Q.
Let us remark that the integral diagonal D avoids that Q is a square. This is important
since it is a conjecture that there does not exist a point in the Euclidean plane such
that all the distances to the four vertices of a unit square are rational (see [4]).
Let the diagonal D of length f be side of the two partial triangles of Q with side
lengths a; b and c; d, respectively, where a; b; c; d counterclockwise are the side lengths
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Fig. 1. Notations for quadrangle Q with diagonal D.
of Q. Let the distances from a point V on D to the vertices of Q counterclockwise be
x; y; f − x; z such that y is that distance from V to the vertex of Q incident to sides
of lengths a and b (see Fig. 1).
From
a2 + x2 − y2
2ax
=
a2 + f2 − b2
2af
in one of the two partial triangles we obtain
y2 = x2 − a
2 + f2 − b2
f
x + a2; (1)
and in the other partial triangle correspondingly
z2 = x2 − d
2 + f2 − c2
f
x + d2: (2)
Substitution of y= sx + a in (1) yields
(s2 − 1) x2 +
(
2as+
a2 + f2 − b2
f
)
x=0:
For s2 = 1 the triangle with sides a; x; y is degenerate, and with x¿0 the solution of
(1) is
x=
2afs+ a2 + f2 − b2
f(1− s2) ; y=
s(a2 + f2 − b2) + af(1 + s2)
f(1− s2) : (3)
With z= t x + d the corresponding solution of (2) is
x=
2dft + d2 + f2 − c2
f(1− t2) ; z=
t(d2 + f2 − c2) + df(1 + t2)
f(1− t2) : (4)
It remains to End rational parameters s and t such that the terms for x in (3) and (4)
coincide.
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For shortness, we use
K = a2 + f2 − b2; L=2af; M =d2 + f2 − c2; N =2df:
By equating of x in (3) and (4) we obtain
t=
1
2(K + Ls)
(N (s2 − 1)±
√
R); (5)
where the following radicand R has to be a complete square, that is,
R = N 2s4 + 4LMs3 + 2(2KM + 2L2 − N 2)s2
+ 4L(2K −M)s+ 4K(K −M) + N 2 = q2 (6)
for t being a rational number. Using
S = 4LM; T =2(2KM + 2L2 − N 2); U =4L(2K −M);
V = 4K(K −M) + N 2
yields
R=N 2s4 + Ss3 + Ts2 + Us+ V = q2: (7)
This Diophantine equation has the solution (see [8, p. 69])
s=
64N 6V − (4N 2T − S2)2
8N 2(4N 2ST − S3 − 8N 4U ) ; q=
4N 2(2N 2s2 + Ss+ T )− S2
8N 3
: (8)
To determine the distances x; y; z by successive inverse substitution we need that the
denominator of s is nonzero.
If d2(a2 + f2 − b2) = a2(d2 + f2 − c2) this is fulElled and (8) implies a solution.
If d2(a2+f2−b2)= a2(d2+f2−c2) then the denominator is zero and we distinguish
two cases. First a=d implies b= c; s= t and y= z so that any rational s= t with s2 =
1 in (3) and (4) gives rational distances x; y; f − x; z.
In the second case (a; f; b) = (d; f; c) can be assumed. Then s=1; q=2(K + L) is
a solution of (6). We substitute s=1 + u in (6) and obtain
R = N 2u4 + 4(LM + N 2)u3 + 4(3LM + KM + L2 + N 2)u2
+ 8(K + L)(L+M)u+ (2(K + L))2 = q2: (9)
We use
D = N 2; E=4(LM + N 2); F =4(3LM + KM + L2 + N 2);
G = 8(K + L)(L+M); H =2(K + L)
to get
R=Du4 + Eu3 + Fu2 + Gu+ H 2 = q2: (10)
This Diophantine equation has the solution (see [8, p. 69])
u=
8H 2(8EH 4 − 4FGH 2 + G3)
(4FH 2 − G2)2 − 64DH 6 ; q=
(4FH 2 − G2)u2 + 4GH 2u+ 8H 4
8H 3
: (11)
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The denominator of u in (11) is nonzero so that in this case also rational distances
x; y; f− x; z of the vertex V to the vertices of Q are determined after using the inverse
substitutions.
It turns out that the solutions determined by (8) or (11) do not lead necessarily to
a vertex V which lies inside of the quadrangle Q as desired. The vertex V lies on
the diagonal D but not always inside of Q. Since rational solutions of (6) or (10), in
general, lead to new rational solutions by arithmetic operations (see [8, p. 69]), it may
be possible that this method yields a vertex V which is inside of Q and has rational
distances to the vertices of Q. However, so far we cannot prove the existence of such
a vertex in general.
If we replace vertex v by such a vertex V , connect V by straight-line segments to
the vertices of Q, and enlarge this plane drawing of G by multiplication with the least
common denominator of the rational distances x; y; f − x; z we obtain a plane integral
drawing of graph G.
5. Vertex of degree ve
The problem remains completely open for the case that the neighborhood of v forms
a pentagon in Tn− v. It seems to be a very hard problem to prove that every pentagon
with sides of integral length contains an inner point with rational distances to its
vertices.
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